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　　Abstract　　Based on dual Doo-Sabin subdivision and the corresponding parameterization , a modeling tech nique of deformable sur-
f aces is presented in this paper.In the proposed model , all the dynamic parameters are computed in a uni fied way for both non-defective

and defective subdivision mat rices , and cent ral diff erences are used to discretize the Lagrangian dynamics equation instead of backw ard dif-
f erences.Moreover , a local scheme is developed to solve the dynamics equation approximately , thus the order of the linear equation is re-

duced great ly.Therefore , the proposed model is more effi cient and faster than the existing dynamic models.It can be used for deformable

surface design , in teractive surface editing , medical imaging and simulation.

　　Keywords:　deformable model , subdivision surface , dynamics, Doo-Sabin surface.

　　Free-form surfaces , especially non-uniform ratio-
nal B-splines(NURBS), are widely used in computer

aided geometric design and computer-aided design/
manufacturing.However , usually a surface of arbi-
trary topology cannot be represented by a single

N URBS.Moreover , it is very dif ficult to set the knot

spacings , manipulate the control vertices or modify

the weights to meet some design requests using

N URBS.Consequently , subdivision surfaces appear

to uniformly model any complex surfaces of arbit rary

topology
[ 1]
.However , interactive methods for modi-

fying subdivision surfaces need to be developed fur-
ther.Attention has been paid to phy sics-based dy-
namic subdivision surfaces in recent years[ 2—5] , be-
cause dynamic subdivision surfaces allow users to edit

the shapes of limit surfaces by applying forces at the

desired locations of the control meshes , which seems

very intuitive and natural just as modeling shapes in

clay.

Qin et al.int roduced the “physical quantity” in-
to dynamic Catmull-Clark surfaces in 1998 , which

w ere successfully applied to the visualization of medi-
cal data[ 2] .In 2000 , Mandal et al.gave a finite-ele-
ment-method-based dynamic f ramew ork for subdivi-
sion surfaces and dealt with the modif ied butterfly and

Catmull-Clark subdivision schemes[ 3] . However ,
they computed the dynamic parameters , such as the

mass , damping and stiffness matrices , by subdividing

Fig.1.Primal and dual subdivision schemes.(a)Primal scheme

(f ace split);(b)dual scheme(vertex split).

the control mesh recursively , and obtained only the

approximate results.Using parameterizations fo r sub-
division surfaces of arbit rary topologies including Cat-
mull-Clark surfaces and Loop surfaces[ 6 , 7] , Qin et al.
show ed that it w as desi rable to evaluate all the dy-
namic parameters exactly without subdividing the

control mesh recursively
[ 4 , 5]
.However , their method

is no t applicable for general subdivision matrices.

In general , the existing subdivision schemes can

be classified into tw o types:primal and dual , i.e.
face split and vertex split[ 1] .As shown in Fig.1 , in
the former case , N new faces are created for each N-
sided face , while in the latter case , new vertices are

created fo r each old vertex , one for each face contain-
ing the vertex.However , the subdivision schemes

mentioned above are all primal , thus it is desi rable to

develop dynamic surface models based on dual subdi-
vision.Doo-Sabin scheme[ 8] , fo r instance , is a typi-



cal dual subdivision scheme.Because the subdivision

matrix of Doo-Sabin scheme may be defective , in con-
trast to the non-defective cases discussed in previous

w ork , it is challenging to compute the dynamic pa-
rameters for physics-based Doo-Sabin surfaces.Re-
cently , Wang and Qin gave a precise evaluation

scheme for Doo-Sabin surfaces such that the values

and derivatives of Doo-Sabin surfaces can be computed

easily in any parameter positions[ 9] .Using this evalu-
ation scheme , we will present a novel deformable sur-
face model based on Doo-Sabin subdivision , and ex-
tend the dynamic subdivision surfaces to the dual set-
ting.

1　Uniform Doo-Sabin subdivision surfaces

The uniform Doo-Sabin surface is designed by

generalizing the uniform biquadratic B-spline surface

to meshes of arbi trary topology.The surface is de-
f ined as the limit of the control mesh which becomes

finer and f iner by being subdivided recursively .At

each step new vertices are introduced and new faces

(of type F , type E , and type V , respectively)are

created fo r each face , edge and vertex of the previous

polyhedron(see Fig .2(a)).The w ell-known rules of

Doo-Sabin subdivision are given as[ 8] (see Fig.2

(b)):

 p i =
1
4
pi +

1
4N ∑

N-1

j=0
3 +2cos

2π|i -j|
N

pj ,

Fig.2.　Doo-S abin subdivi sion of cont rol meshes of arbit rary

topology.(a)Subdividing an arbi trary mesh;(b)local structure

for computing new vert ices.

where N ≥3 is the number of the edges of the face

p0p1…pN-1.After one subdivision step , each vertex

of the new polyhedron will have valence 4 , and the

number of non-quadrilateral faces will remain con-
stant.In the refinement process , the ex t rao rdinary

points are at the centers of the N-sided faces with

N≠4.After one more subdivision step , all ex traor-
dinary points are isolated.Thus , we generally assume

that all the ext raordinary points are isolated in the

initial polyhedron so that all vertices have valence 4

and no two faces w ith N≠4 sides share a common

vertex .

Fig.3.　Parameterization for a surface patch.(a)Local st ructure

def ining a patch;(b)infini te part ition of the parameter region Ψ.

A Doo-Sabin surface is divided naturally into

many litt le surface patches[ 9] , which have a one-to-
one relat ionship w ith the vertices , in contrast to the

one-to-one relationship between the surface patches

and the polyhedral faces for primal subdivision sur-
faces.Each patch is def ined by only those faces con-
taining the corresponding vertex , as shown in Fig.3
(a).Note that the valence of each vertex equals 4 and

all the ext raordinary points are isolated , then there

are three four-sided faces in the local st ructure and the

fourth face is supposed to be an N-sided face.Obvi-
ously the surface patch reduces to a uniform bi-
quadrat ic B-spline surface when N is equal to 4.It is
show n in Ref.[ 9] that the surface patch can be pa-
rameterized as a function s(u , v), which is defined

on Ψ=[ 0 ,1] ×[ 0 , 1] .In detail ,
s
T(u , v)=J

＊
Cs , 　(u , v)∈ Ψ,

where

C
T
s =(p0 , p1 , … , pN+4),

J
＊

Ψ
n

k

=b
T
(tk , n(u , v))Xk

n-1
V
-1
,

k =1 ,2 ,3 , n =1 ,2 , …,
where Xk =Pk AV , (, V)is the eigenst ructure of

the subdivision matrix A , and b(u , v)are uniform

biquadratic B-spline basis funct ions.The formulae of

all matrices(A , , V ,  A , Pk), basic functions b(u ,

v), subdomains Ψ
n
k and transformations tk , n(u , v)

can be found in Ref.[ 9] .{Ψ
n
k , k =1 ,2 ,3 , n=1 ,2 ,

…}consti tute a partition of Ψ, as show n in Fig.3
(b).Note that the subdivision matrix A is non-de-
fective fo r N ≤4 but defect ive for N>4 , thus may

be a Jordan canonical form , in contrast to the simple

diagonal matrices in the previous w ork.For any N ,
we rew rite as =Λ+U , where

Λ=diag 1 ,
1
2 ,

1
2 ,

1
16 ,

1
8 ,

1
8 ,

1
4 ,

1
4 , …,

1
4

 diag(λ0 , λ1 , λ2 , …, λN+4),
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U =
diag(0 ,0 , …,0 , Δ(0), Δ(0)), if N >4 ,
0 , o therw ise ,

and Δ(λ)=
λ 1

0 λ
.

If there are m vertices and d faces in the initial

cont rol mesh , then the i-th limit surface patch can be

rew rit ten as

s
T
i =JiCs

i
=J

＊
RiC0 ,

where C
T
0 =(p0 , p1 , …, pm-1)contains all m con-

trol vertices , and R i is an(N +5)×m picking ma-
trix (each row is f illed w ith zeros except for a one in a

certain column).No te that J
＊
only depends on the

valence N.

2 　Deformable model based on Doo-Sabin
subdivision

2.1　Decomposition of forces in dynamics equat ion

If w e regard the control vertices C0 as a function

related to the time t in a pure physical system , then
the Lagrang ian dynamics equation is satisfied:

M C
··

0 +DC
·

0 +KC0 =Fp ,

where M , D and K are the mass , damping and stif f-
ness matrices , respectively , and Fp is the generalized

force vector.Let μbe the density of mass , γbe the

coeff icient of damping , then the mass matrix and the

damping matrix are

M = μJ T
Jd ud v , 　D = γJT

J dud v ,

where J =∑
d

i=1
J
＊
R i .From a thin-plate-under-ten-

sion energy model , the stiffness matrix can be com-
puted by[ 2 ,10]

K = (α11JT
uJu +α22J

T
vJv +β11J

T
uuJuu

+β12J
T
uvJuv +β22J

T
vvJvv)du dv ,

where αii and βij are the characteristic springiness co-
efficients.

Suppose that the surface is stable before being

defo rmed , i.e.the surface keeps still , then C
··

0 =0

and C
·

0 =0 .Hence the dynamics equation becomes

KC0=Fp.That is to say , there are initial forces Fs

=KC0(0), called static forces , ini tially applied on

the surface such that the surface has a stable initial

shape.The static fo rces are assumed to be constants ,
only depending on the init ial Doo-Sabin surface.On

the other hand , in o rder to deform the surface , we

apply external forces Fe on the surface.Therefore ,
the forces Fp are divided into two parts:static fo rces

Fs and external forces Fe , and acco rding ly the La-
grangian dynamics equation can be rew rit ten as

MC
··

0 +DC
·

0 +KC0 =Fs +Fe , (1)
where Fe is given as:

F e = JT
f
T
d ud v .

When an ex ternal force f is applied at some con-
t rol vertex , we think it is applied on the surface patch

corresponding to the vertex .If the control mesh is

subdivided once , the vertex , whose valence is denot-
ed by l , is split into l new vertices(see Fig .1), and
the surface patch is divided into l less patches at the

same time.Let each new vertex have a fo rce f , then
we can easily find that the phy sical sy stems are equiv-
alent before and after the subdivision step , that is ,
the fo rce on the limit surface is fixed everyw here in

the subdivision process.In contrast , for a primal sub-
division , a force applied at some vertex should be tak-
en into account for all faces containing the vertex ,
which means that the force is applied on all limit sur-
face patches corresponding to these faces.From an-
other point of view , each surface patch depends on all

control vertices within i ts one-neighborhood in the as-
pect of apply ing forces.Such complicated relations

betw een the surface patches and control vertices make

it difficult to assign the forces equivalently fo r the re-
sulting mesh if the control mesh is subdivided.Thus ,
dual subdivision , considered in this paper , is mo re

convenient to be used in the interactive modeling pro-
cess w ith both applications of forces and subdivisions

of the meshes.

2.2　Evaluating dynamic parameters

In this subsection , we w ill present the approach-
es for computing all the dynamic parameters and be-
gin w ith the mass matrix M.By subdividing the con-
t rol mesh several times , we can suppose that the den-
sity of mass μis constant in each face for the sake of

simpleness , then

M =∑
d

i=1
μiR

T
i  J＊T

J
＊
dud v R i.

Using the definition of J
＊
, we can obtain

 J＊TJ ＊d udv =∑
3

k =1
∑
∞

n=1 
Ψn
k

J
＊T
J
＊dud v

=∑
3

k =1
∑
∞

n=1

1

4
nV
-T
(

T
)
n-1

X
T
k
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　·  
Ψ

b(u , v)b
T
(u , v)du dv Xk

n-1
V
-1
.

Every element in b(u , v)is a polynomial on Ψ, thus

 
Ψ

b(u , v)b
T
(u , v)d udv can be computed directly.

Let Zk = X
T
k  

Ψ

b(u , v)b
T
(u , v)dud v Xk , and

Qk =∑
∞

n =1
4-n(T)n-1Zk

n-1.

Since n-1 =Λn-1+(n -1)4-n+2
U , and Zk is a

symmetrical matrix , we can obtain

Qk = Q
1
k +Q

2
k +(Q

2
k)

T +Q
3
k ,

where

Q
1
k =∑

∞

n=1
4-nΛn-1ZkΛ

n-1 ,

Q
2
k =∑

∞

n=1
4-nΛn-1Zk(n -1)4-n+2

U ,

and

Q
3
k =∑

∞

n =1
4-n(n -1)4-n+2UT

Zk(n -1)4-n+2
U.

Each element of Q
1
k is a power series , and accordingly

can be obtained immediately:

(Q
1
k)ij =∑

∞

n=1

1

4n(λiλj)
n-1(Zk)ij =

1
4-λiλj

(Zk)ij.

Note that

Q
2
k=∑

∞

n =1
(n -1)4-2n+2Λn-1ZkU

=diag(σ0 , σ1 , … , σN+4)ZkU ,
where

σi =∑
∞

n =1
(n -1)4-2n+2λ

n-1
i

is obviously a convergent series and can be computed

easily by prog ram , i=0 , 1 , … , N +4.Similarly ,

Q
3
k = U

T
ZkU ∑

∞

n=1
(n -1)24-3n+4

can be calculated.As a result , we obtain

 J＊T J＊d ud v =∑
3

k=1
V
-T
QkV

-1 ,

as w ell as the mass matrix M .Then , the damping

matrix

D =∑
d

i=1
γiR

T
i  J＊T J＊d ud v R i

can also be obtained if the damping coefficient γis

constant in each face.In the same w ay , we can ob-
tain the fo rce vector

Fe =∑
d

i=1
R

T
i  J ＊Tdu dv f

T
i

by comput ing each integral

 J＊Td udv 　　　　　　　　　　　　　　　　　
　=∑

3

k=1
V
-T ∑

∞

n =1
(2-nΛn-1 +(n -1)2-3n+4UT)

　　· X
T
k  

Ψ

b(u , v)d udv .

Nex t , we w ill investigate how to compute the

stif fness matrix

K =∑
d

i=1
R

T
i  αi11J ＊Tu J

＊
u d udv + αi22J ＊Tv J

＊
v d udv

+ βi11J ＊Tuu J
＊
uudu dv + βi12J＊Tuv J

＊
uv dud v

+ βi22J ＊Tvv J
＊
vvd udv Ri ,

which contains the f irst order or second order deriva-
tives in each integral.Considering the C1 continuity

of Doo-Sabin surfaces , we need to deal w ith the

derivatives of first order and second o rder , respective-
ly.For the integrals containing first order deriva-

tives , we assume the coef ficients α
i
j j to be constant ,

and accordingly w e need to evaluate the integ rals

 J＊T
u J

＊
u du dv and J＊T

v J
＊
v du dv .Using the for-

mulae of derivatives
[ 6 ,9]

:
 i+j

 u
i
 v

jJ
＊

Ψ
n

k

=2
(i+j)n

b
T
u
i
v
j(t k , n(u , v))Xk

n-1
V
-1
,

 k , n , i , j ,
we can obtain

 J＊T
u J

＊
u du dv =∑

3

k=1
∑
∞

n =1
4n 1

4n
V
-T(T)n-1

X
T
k

　　·  
Ψ

bu(u , v)b
T
u(u , v)du dv Xk

n-1
V
-1.

If we rew rite Λas Λ=Λ1+Λ2 , where
Λ1 =diag(1 ,0 ,0 , …,0)

and

Λ2 =diag 0 ,
1
2
,
1
2
,
1
16
,
1
8
,
1
8
,
1
4
,
1
4
, … ,

1
4
,

and deno te the first column of V by v 0=(a , a , …,
a)T , then VΛ1=(α, α, …, α)

T , where α=(a ,0 ,

0 , … ,0)
T
.Because the sum of elements in each row

of Pk or  A is 1 , we have  AVΛ1 =(α, α, … , α)
T ,

and then Pk AVΛ1 =(α, α, … , α)
T.It is follow ed

that

b
T(u , v)Pk AVΛ1 =∑

8

i=0
(b(u , v))iα

T =αT ,

so

b
T
u(u , v)Pk AVΛ1=

 
 u
(αT)=0

=b
T
u(u , v)XkΛ1.
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In addition , n-1 =Λ1+Λ
n-1
2 +(n -1)4-n+2

U ,
thus w e have

 J＊Tu J
＊
u d udv

　　=∑
3

k=1
∑
∞

n=1
V
-T(Λ

n-1
2 +(n -1)4-n+2

U
T)

　　　· Z′k(Λ
n-1
2 +(n -1)4-n+2

U)V-1 ,

where

Z′k = X
T
k  

Ψ

bu(u , v)b
T
u(u , v)d ud v Xk.

Let Q′k =Q′1k +Q′2k +(Q′2k )
T+Q′3k , where

Q′1k =∑
∞

n =1
Λ
n-1
2 Z′kΛ

n-1
2 ,

Q′2k =∑
∞

n =1
Λ
n-1
2 Z′k(n -1)4

-n+2
U ,

Q′3k =∑
∞

n =1
(n -1)4-n+2

U
T
Z′k(n -1)4-n+2

U ,

then every element of Q′1k , Q′
2

k and Q′3k is a conver-

gent series , so Q′k can be computed as above.For in-
stance ,

(Q′
1

k )ij =
0 , if i =0 or j =0 ,

1
1 -λiλj

(Z′k)ij , o therwise.

Then , we have obtained

 J＊Tu J
＊
u d udv =∑

3

k=1
V
-T
Q′k V

-1.

Analogously , J＊Tv J
＊
v can be calculated.

Note that Doo-Sabin surfaces are not C
2
continu-

ous but only C
1
continuous , and the second order

derivatives may diverge near an ex traordinary point ,
so we set the characteristic springiness coeff icients βij
to be zero in a very t iny neighborhood of the ex traor-
dinary point , similar to Ref.[ 2] , in order to avoid

computing certain integrals for special cases.Fo r ex-

ample , we can set β
r
ij(u , v)=b

r
ijφ(u , v), where

φ(u , v)=
0 , if(u , v)∈ [ 0 ,2-20] ×[ 0 ,2-20] ,
1 , otherw ise ,

then

 βi11J＊T
uu J

＊
uud udv

=b
i
11∑

3

k =1
∑
20

n=1
4
2n 1

4
nV
-T
(Λ

n-1
2 +(n -1)4

-n+2
U

T
)

　· X
T
k  

Ψ

buu(u , v)b
T
uu(u , v)d udv

　· Xk(Λ
n-1
2 +(n -1)4-n+2

U)V-1. (2)

Since 
Ψ

buu(u , v)b
T
uu(u , v)d ud v can be obtained di-

rectly , we can similarly simplify the right-hand part

of Eq.(2)and then calculate it. βi12J＊Tuv J
＊
uvd ud v

and βi22J＊T
vv J

＊
vv du dv can be obtained in the same

w ay.

Therefore , all integrals ,  J ＊T
J
＊
d udv ,

 J＊T
du dv ,  J＊T

u J
＊
u dud v ,  J＊T

v J
＊
v d udv ,

 φJ＊T
uu J

＊
uud udv ,  φJ ＊T

uv J
＊
uvdu dv , and

 φJ＊Tvv J
＊
vvd ud v , can be obtained.Note that these

integ rals only depend on the parameter N , which sel-
dom exceeds 20 in application settings , so we can

compute these integrals in advance w ith N varying

f rom 3 to 20 , and save them in a f ile to be loaded at

the beginning of the application.In our experiments ,
MATLAB is used to fulfill the job.Hence , the dy-
namic parameters M , D , K and Fp can be obtained

easily.

3 　Numerical techniques in solving the dy-
namics equation

3.1　Solving the dynamics equation using central dif-
ferences

For the Lag rangian dynamics equation , which is

a second order differential equation , we will replace

all derivat ives by thei r discretized approximations fi rst

and then use the iterat ion method to solve the result-
ing time-varying system.In the previous w ork , back-
ward differences are used to approximate the deriva-
tives of the time t+Δt (see Refs.[ 2—5]):

C
··

0(t +Δt)=
C0(t +Δt)-2C0(t)+C0(t -Δt)

Δt 2
,

C
·

0(t +Δt)=
C0(t +Δt)-C0(t -Δt)

2Δt ,

and then C0(t +Δt)is obtained by solving the re-
sulting linear equation.However , it is w ell know n

that the central dif ference is the best approximation to

a derivative , so w e will use central dif ferences to dis-
cretize the dynamics equation.In detail ,

C
··

0(t)=
C0(t +Δt)-2C0(t)+C0(t -Δt)

Δt
2 ,

C
·

0(t)=
C0(t +Δt)-C0(t -Δt)

2Δt
,

and acco rding ly the dynamics equation MC
··

0(t)+
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DC
·
0(t)+KC0(t)=Fs +F e(t)can be rew rit ten as

(2M +DΔt)C0(t +Δt)

　　=(4M -2Δt
2
K)C0(t)

　　　+(DΔt -2M)C0(t -Δt)

　　　+2Δt 2F s +2Δt 2Fe(t), (3)

where F s = KC0 (0).Initially w e assume that

C0(-Δt)=C0(0), and then we can solve the time-
varying sy stem (3)by recursively comput ing C0((n
+1)Δt)f rom the linear equation

(2M +DΔt)C0((n +1)Δt)

　　=(4M -2Δt 2 K)C0(nΔt)

　　　+(DΔt -2M)C0((n -1)Δt)+2Δt
2
Fs

　　　+2Δt 2Fe(nΔt), (4)

acco rding to the known values C0(nΔt) and

C0((n-1)Δt), until C0((n+1)Δt)= C0(nΔt)

approximately or the iterative time has reached the

maximal value.Note that the coef ficient matrix of

the linear equation (4), i.e.(2M+DΔt), is con-
stant in the iterative procedure , so w e can solve Eq.
(4)very efficient ly with only one time of LU-decom-
position of the coefficient matrix .

3.2　Local solution for the linear system

It is obvious that all the m vert ices are int ro-
duced in the linear equat ion(4), that is , the linear e-
quation has an order of m .Fo r a model containing a

huge quantity of vertices and faces , we accordingly

have to deal w ith a high-order linear equation with

very high computational cost.On the o ther hand , the
experiments tell us that one force influences a local re-
gion of the surface visibly but changes the other part

slightly w hen the deformation of the surface is not too

much.In many cases , only a few fo rces are applied

on a complicated surface and the change of most part

of the surface can be ignored.Hence w e can solve the

linear sy stem approximately by fixing the vertices far

from the action spots of the fo rces and reducing the

linear equation(4)into a low-o rder equation.

We regard all vertices in the ρring s around the

vertex v as the influence region of a force applied to

v , denoted by Reg(v), where ρis an integer.That
is , Reg(v)is defined as

Reg(v)=∪
ρ

k=0
ring(v , k),

where ring(v , 0)={v}, and ring(v , k+1)deno tes

all vertices sharing a face w ith some vertex in

ring(v , k)but not belonging to ∪
k

j=0
ring(v , j), for

any k .If all the n forces are applied to the vertices

v1 , v2 , … , and vn in the control mesh , respective-

ly , then the total influence region is ∪
n

j =1
Reg(vj),

which is supposed to be {V1 , V2 , …, Vm
0
}.Then ,

we only solve these m 0 vertices from the linear sy s-
tem , while fixing all other vertices in the control

mesh , that is , the linear equation(4)has been sim-
plif ied from m-order to m 0-o rder.

Suppose that V1 , V2 , …, and Vm
0
are the fi rst

m 0 vert ices in C0 w ithout loss of generality , then we

divide C0 into tw o blocks:

C0 =
C

1
0

C
2
0

,

where C
1
0 =(V1 , V2 , … , Vm

0
)
T
, and C

2
0 is fixed.

M , D , K , Fs and F e are divided into several blocks

accordingly.For example ,

K =
K1 K2

K3 K4
,

where K1 is an m 0×m 0 matrix.Thus , the linear e-
quation is simplified as

(2M 1 +D1Δt)C
1
0((n +1)Δt)

　　=(4M1 -2Δt
2
K1)C

1
0(nΔt)

　　　+(D 1Δt -2M1)C
1
0((n -1)Δt)

　　　+2Δt 2( F s +F
1
e(nΔt)), (5)

where

 F s =F
1
s -K2 C

2
0 =K1 C

1
0(0).

In o ther w ords , in order to solve the linear sy stem

(4)approximately , or f ind the local solution for sy s-

tem (4), we make C
2
0 fixed and solve C

1
0 f rom the

linear system (5)by the iteration method.

4　Experiments and results

Let us glance at a control mesh obtained by sub-
dividing a cube tw ice , where the set of cont rol ver-
tices of the original cube is

{(x , y , z)T  x = y = z =1}.We apply four

fo rces on the mesh as show n in Fig .4(a), and solve

the dynamics equation(1)using backw ard dif ferences

and central dif ferences , respectively.It is show n in

the experiment that the dif ference of the tw o result-
ing control meshes is 0.006443 , which is very small.
In fact , we cannot distinguish the two limit surfaces

intuitively (see Fig.4).However , the central differ-
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ence is still a better choice at a mathematical angle , i.
e.more appro ximate to the derivative.Certainly , the
deviation of the dynamic models based on tw o types of

differences g row s w hen the varying rate of Fe(t)in-
creases , then the advantage of central differences can

be clearly seen.

To compare the global method and the local

method fo r solving the time-vary ing sy stem , an ex-
periment is performed w ith an object like a hill , as
show n in Fig.5(a).Figure 5(b)show s the de-
formed surface obtained by solving the global linear e-
quation(4), and Fig.5(c)gives the resulting sur-
face obtained by solving the local equation (5)and

fixing all other vertices , where the influence region is

painted w ith a dark color.It can be seen that the two

surfaces solved by the linear sy stems(4)and(5)are
intui tively uniform.In detail , the maximum distance

between the vert ices of the control mesh deformed by

sy stem (4)and the corresponding vert ices computed

from the sy stem(5)is 0.003906.That is to say , the
difference betw een the global solution and the local

solut ion for the dynamics equation is very small and

usually can be ignored.Moreover , the deformation

time is 13.422s fo r the global method(m =712)in

contrast to 0.296s for the local method(m 0=81).It
is obvious that the local method greatly reduces the

computing time and storage , especially for complicat-
ed models wi th a huge quantity of vert ices and faces.
It should be pointed out that open control meshes can

also be int roduced in the proposed framew ork w ithout

modifying the defo rmable model if the inf luence re-
gions of ex ternal forces lie in the interiors of the

meshes.In addition , ρis set to be 4 in the experi-
ments , which is large enough in general.

Fig.4.　Comparison of the resulting surfaces using dif ferent dif-
f erences.(a)Init ial cont rol mesh;(b)using backw ard differences;

(c)using cent ral dif ferences.

Using the modeling technique proposed above ,
we can modify the shapes of Doo-Sabin surfaces very

freely.Some examples of deformable surfaces model-
ing are given in Fig.6 , where Fig.6(a)and(b)are

Fig.5.　Comparison of the global and local solutions.(a)The ini-
tial cont rol mesh with one force;(b)the global solution of the dy-

namics equation;(c) the local solution with the inf luence region

marked by a dark color.

the control polyhedron and the corresponding limit

surface of Doo-Sabin subdivision , respect ively , and
Fig.6(c)—(f)are the deformed surfaces via applica-
tion of dif ferent external fo rces.For another exam-
ple , the forces of a mo re complicated dist ribution are

applied on a cup surface , which is designed wi th Doo-
Sabin subdivision , and the original surface and the

deformed shape are show n in Fig.7 , respectively.

Fig.6.　Examples of hat modeling.(a)The control polyhedron;

(b)the corresponding Doo-Sabin surface;(c)—(f)deformed su r-
faces via the applications of diff erent forces.

Fig.7.Cup modeling.(a)T he cup surface based on Doo-Sabin

subdivision;(b)the deformed surface by applying external forces.

5　Conclusions

Deformable subdivision surfaces have many ap-
plications in computer graphics , geometric modeling ,
medical imaging and scientif ic visualization.It is an

intuitive and powerful tool for editing the shapes of

subdivision surfaces.In this paper , we have present-
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ed a defo rmable model of Doo-Sabin surfaces and ex-
tended the physics-based subdivision surfaces to the

dual set ting .In the model , the dynamic parameters

are computed in a unified w ay for both non-defective
and defective subdivision matrices , without subdivid-
ing the control mesh recursively , and the central dif-
ferences are used to discretize the Lag rangian dynam-
ics equation instead of the backward differences.Af-
ter analy zing the dynamics system , we decompose the

forces applied on the surface into tw o parts , so the

phy sical backg round behind the deformable model be-
comes clearer.Further , we give a local scheme to

solve the linear equation approximately , and the order

of the linear equation is g reat ly reduced.Hence the

computation time is sho rtened , and the needed stor-
age is also reduced.It is show n in our experiments

that the resulting surface obtained by the local scheme

is almost unifo rm to the resulting surface obtained by

the g lobal scheme.Using the local scheme , one can

easily int roduce open control meshes into the proposed

framewo rk wi thout modifying the defo rmable model

if no boundary vertices lie in the influence regions of

ex ternal forces.Moreover , our deformable dual sub-
division model is mo re convenient to be handled than

the prior dynamic models in the interactive modeling

process w ith interlaced steps of applying forces and

subdividing meshes.Therefore , our deformable mod-
el is more efficient than the existing dynamic models.
The experiments demonstrate that the model pro-
posed in the paper can be used to edit the shapes of

subdivision surfaces very efficient ly and flexibly.
Other dual subdivision surfaces can be similarly ap-
plied in the proposed framew ork of deformable sur-
faces modeling.
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